Last Digit Arithmetic	


Here is a property of addition which perhaps you’ve noticed, or perhaps a teacher has pointed out to you as a way to check your work. Whenever you add a number ending in a 7 with a number ending in a 6, you get a number ending in a 3. Let’s write that fact in the following way:


[7] + [6] = [3]


where, for instance, [7] denotes all the numbers ending in 7. (We’ll refer to [0] through [9] as classes.)


1.	Make an addition table that shows the sum of any pair of classes (e.g. [0] + [0], [0] + [1], and so on through [9] + [9]). What patterns do you observe in the table?


2.	What properties does the operation [a] + [b] have? Is it associative? Is it commutative?


3.	Can you define a subtraction operation on classes? What should [5] – [3] be? How about [3] – [5]? To make this work you will need to find an appropriate way to assign negative numbers to the classes.


4.	Is there a class that plays the role of “zero”? In ordinary arithmetic, the number zero has properties such as a + 0 = a and a – a = 0 which are true for any a. Find a class that acts similarly and verify that it has properties comparable to these. (It’s often said that 0 is the identity element for addition; here you’re identifying the identity element for class addition.)


Perhaps you have also observed that when you multiply any number ending in 7 with any number ending in 6, you always get a number ending in 2. We could say


[7] · [6] = [2].


5.	Make a table showing all the different values [a] · [b].


6.	Is this multiplication associative? It is commutative? Is there a distributive property of multiplication over addition (analogous to the number property a(b+c) = ab + ac)? How does the zero class behave when you multiply with it?


7.	Is there a class that plays the role of “one”? In ordinary arithmetic, the number one has properties such as a · 1 = a. Find a class that acts similarly and verify its properties. (The number 1 is called the identity element for multiplication; here you are identifying the identity element for class multiplication.)


8.	Can you define powers of classes? Which is the appropriate construction to think about: [2]3 or [2][3]? Explain your choice and explore its properties.


9.	Can you define a division operation on classes? (You may leave division by the “zero” class undefined, since ordinary division has this property.) Be careful to verify that it behaves consistently.


10.	What other interesting things can you discover about class arithmetic? How much of what you’ve learned in algebra classes would apply equally well in this context?


Let’s now consider some different classes of numbers: the even numbers and the odd numbers. What happens when, for instance, you add an even number and an odd number?


11.	Define an addition operation for the even and odd classes. Your table should show four values: even + even, even + odd, odd + even, and odd + odd.


12.	Which of the usual properties does this addition operation have? What class plays the “zero” (additive identity) role?


13.	Can you define subtraction of classes? Can you observe something interesting about the table of subtraction values?


14.	Is it possible to define a multiplication operation for the even and odd classes? Make a table showing even · even, even · odd, etc.


15.	What properties does this multiplication have? What class plays the “one” (multiplicative identity) role? Can you take powers of even and odd?


16.	Can you formulate a division operation for these classes? (Remember that division by the “zero” class may be left undefined.)


17.	What else can you discover about even-odd arithmetic? 


18.	What similarities are there between the arithmetic of last digits (classes [a]) and even-odd arithmetic? What differences are there?


If you write numbers in their binary form (for instance, expressing the number 47 as binary 101111 because 47 = 25 + 23 + 22 + 21 + 20) then their evenness or oddness is represented by the last digit. This suggests a similarity between the two different kinds of class arithmetic we have defined.


Another way to see this similarity is to recognize that the last digit in the usual representation of a number is the remainder when you divide the number by 10 (for instance, 85 divided by 10 has a remainder of 5), while the remainder after dividing by 2 shows evenness or oddness (47 divided by 2 has a remainder of 1, so 47 is an odd number).


How can you generalize class arithmetic? Think about using divisors other than 10 or 2.
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