Cube or Square?	HL023 sample solution
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1.	If a square is divisible by 2, it must also be divisible by the square of 2, i.e. 4. By the same token, it must also be divisible by 9. Furthermore, a cube of a number, if divisible by 2 and 3, must also be divisible by 8 and 27. Of course, the same holds true for all other factors as well. This means that the doubled number is at least �EMBED Equation.3��� and the tripled number is at least �EMBED Equation.3���, where n and m are some integers. This means that the actual number must be divisible at least by the cube of 2 (8) and by the square of 3 (9). This makes the smallest possible candidate 72. Doubling it, we have 144 — a square, and tripling it we get 216 — a cube. This means that 72 is indeed the smallest number satisfying the conditions.


2.	Noticed the number satisfying these conditions must be divisible by 72 (as above). The quotient from division by 72, since it is not affected by the factors of 2 and 3 that make 72 a square and a cube respectively, must be a square and a cube of its own. The only way an integer can be a square and a cube at the same time is if it is a sixth power of an integer. Therefore, all the numbers satisfying the conditions of the problem are of the form �EMBED Equation.3���. The first few possible numbers are 72, 4 608, 52 488, 294 912. The numbers are increasing rapidly and, more importantly, there are no numbers between these.
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