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The circles and the lines are arranged linearly, so the curve should represent a quadratic relationship between coordinates. This, however, does not distinguish between parabolas, hyperbolas and ellipses. To simply claim that this is a parabola and compute its equation from points on the curve is not necessarily sufficient.


Consider the first circle and the first line. The radius of the circle is 1, so the point on the curve is removed one unit from the center of the circle. At the same time, the x-coordinate of the vertical line passing through the point and, therefore, the x-coordinate of the point on the curve is –1. Since the x-coordinate of each point always increases by the same amount as the radius of the circle passing through this point,  they always differ by 2. This, by itself, does not provide sufficient information for identifying the curve as a parabola. However, a parabola is defined as the locus of all the points equidistant from a specific line and a specific point. In fact, the points on the curve with positive x-coordinate are 2 units further removed from the line �EMBED Equation.3��� than they are from the y-axis. This means that each of these points is equidistant from the line �EMBED Equation.3��� and from the center of the circles. This means that the portion of the curve to the right of the y-axis is a part of a parabola. What about the part to the left? In reality, it makes little difference which points are in question — they are all equidistant from the center of the circles and from the line �EMBED Equation.3���. Therefore, based on the definition, the curve must be a parabola.


The question of the equation can be resolved by looking at the actual coordinates of the points, or simply from the standard form of the equation, given the directrix and the focus. It just so happens that there are enough points with integer coordinates to produce a simple pattern. A garden-variety quadratic function increases in value by successive odd number units as the input increases by single units. Compare the integer points: �EMBED Equation.3���. The x-coordinates increase by successive odd numbers for every 2 units of change in the y-coordinates. This, combined with the x-intercept at –1, gives the equation of �EMBED Equation.3���. The same equation can be obtained from the formula that usually accompanies the definition.


Alternative solution: The entire process can be simplified by only looking at the symbolic relations: what are the equations of the circle and the vertical line defining a specific point on the curve? The general equation of the circle is �EMBED Equation.3���. From the observation made earlier, the equation of the line is �EMBED Equation.3���. Combining the two together and eliminating R, we get �EMBED Equation.3��� and �EMBED Equation.3���, which is equivalent to the equation obtained earlier. Since no assumption was made initially about the shape of the graph, from the equation we can also conclude that the graph is a parabola.


1d, 1e.


All previous arguments should hold for any parabola with minimum or maximum on the y-axes and with focus point at (0,0)


The family of curves could be described by the equation �EMBED Equation.3��� for a parabola with extremum at (0,k).


2.


A coordinate system can be located anywhere. Here is a solution in which the system’s origin is symmetrically located between the two centers. All filled dots are at equal sums of distances from the two centers. That by itself points to the fact that the two center should be the loci of an ellipse. Other similar curves can be created in the same systematic way. The sum in this ellipse is 2a + 2


�


		


3.


Increasing or decreasing of both radii of the two families means that the difference between the two original radii will remain constant. That is the definition of a hyperbola as a locus of points.


In addition to looking for the equations using points or geometric properties, the observation of limiting cases will be interesting here. When would the curve be “flat”?
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Modeling/�Formulating


(weight: 2)�
No partial�
Establish a symbolic relation between the appropriate coordinates.


or


Establish a pattern between the radii of the circles and the distances from a specific line or point to the corresponding vertical lines.


or


Assume the shape and state and verify a plausible symbolic relation.�
�
Transforming/�Manipulating


(weight: 2)�
Correctly perform symbolic manipulation on the available relations.�
Eliminate unnecessary variables.


Set up the final symbolic relation to involve only the coordinates.�
�
Inferring/�Drawing Conclusions


(weight: 3)�
Describe the curve as a parabola.�
Use the definition of a parabola to derive the symbolic relation


or


Modify the available symbolic relations to conform to the definition of a parabola.�
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(weight: 2)�
Provide incomplete but consistent arguments.�
Give complete, clear and consistent arguments. Clearly state all assumptions.�
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