Shooting Arrows Through a Hoop	HL072 sample solution
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Given that �EMBED Equation.3��� is a circle centered at (0, 0) with radius 1, and that the general equation of the lines passing through the point (2, 0) is �EMBED Equation.3���, where m can be any real number and represents the slope of the line:


1.	a.	Take a vertical line (�EMBED Equation.3���) and start rotating it clockwise about the point (2, 0). The line does not intersect the circle until it becomes tangent to it — at this point it is perpendicular to the radius of the circle drawn to the point of tangency. As we continue rotating the line, it crosses the circle in two points until it is tangent to it once again, in a position symmetric to the first tangent (reflected about the x-axis). The rest of the way, the line again is completely outside the circle.


	The line and the radius at the point of tangency form a right triangle with the x-axis. We can easily find the sides of this triangle to be 1, 2 and �EMBED Equation.3���. This means the slope of the first line is �EMBED Equation.3��� and the slope of the second line is �EMBED Equation.3���. As the slope is between these two values, the line crosses the circle twice; outside the interval the line does not cross the circle.
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2.	a.	The shape of the graph will remain the same: as long as the point is outside the circle (on either side), there will be two points of tangency, one above and one below the x-axis. When the point is on the circle or inside it, there will always be two points of intersection no matter what the slope is (fortunately, the vertical tangent line has infinite slope). The graph would be similar, but with the middle line either shorter or longer, depending on whether the point is closer or further away from the circle.


	b.	This is a harder question, because the situation is no longer symmetric about the x-axis. However, there are still two points of tangency and an interval of double intersection between them. The difference is that these shift to the right as the point slides down and to the left as the point slides up. Also the interval between the tangential slopes becomes shorter in both cases:
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	A similar picture, but moving in the opposite direction, appears as the point slides up. 
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