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Usually when we ask students to find asymptotes to a given function it requires an analytic solution using computations of limits. Since we assume that the search for asymptotes has additional ideas to offer (such as what does it visually mean to approach the limit? could a function intersect its own asymptote? when would an asymptote be a good approximation for the function?) we pose this problem in the ‘reverse’ direction. While an analytic investigation can certainly serve some students, we think that this task can best be done using graphic technology. This will assure access to all students, not just those who remember formulae, and will help everyone to capture the concept in graphic representation.


This problem requires  two examples (at least) for each drawing. First, we wish to create a large collection of examples that will be a richer arena for generalizations in problem 2 and 3. Second, and more important, each of the drawings could present asymptotes for more than one family of rational functions and  it is important that the students explore them Here are some detailed solutions:


1a.  The existence of a vertical asymptote must indicate a zero in the denominator of the expression. The  horizontal asymptote requires that the degree of the denominator is larger than or equal to the degree of the numerator. There are two families of hyperbola that are created by a negative or positive numerator. 


	In general, this can be combined to:


	�EMBED Equation.3��� for a positive D and B (the intercession of the axis), for any A and 	for odd C.


 b.	From the figure it is obvious that for any rational function �EMBED Equation.3��� ,  g(x) 	should not have zeros (or roots) and A must be a negative number.


	If f(x) is a constant then there are possible functions whose range is either larger than A or 	smaller than A.


	However, it is possible that  f(x) is not a constant but a polynomial. What kind of 	polynomial? What then is the connection (should there be a connection?) between the two 	polynomials? 


	For example: �EMBED Equation.3���  is a good candidate. The following functions are also 	interesting options:  �EMBED Equation.3���  or  �EMBED Equation.3���. Some involve intersections 	between the function and its asymptotes.


	In addition there are other non- rational functions (such as exponential) that have 	horizontal asymptotes as well.


 c. 	If students were aware of possible generalization of the first two items then  they can 	easily devise examples for this item. Any  rational function should involve two 	polynomials: the one in the denominator has to have two zeroes and the question is then 	how to fit an horizontal asymptote.


	Here  are two examples of somewhat different families: �EMBED Equation.3���


�





	or  �EMBED Equation.3���.


	One can think about what would be invariant when the numerator will be a trigonometric 	function..


 d. 	The horizontal asymptote can be viewed as the special case of the slope asymptote.  It is 	the case where algebraic manipulations of long division of polynomials could be a helpful 	technique to carry on. (it is of course possible to do it using other techniques as well).


	The important idea is to look for a quotient of two functions that can be approximated by 	the linear function; in other words, what should we divide in order to get a linear 	expression as a result. This is the  ‘analytic’ way to start. Then, if one can think about 	translations or stretch to fit the  function to its asymptote (provided that graphic 	technology of any sort is available) the task is not very difficult. Another way to proceed is 	to think here, as in the previous cases, of what should be the difference between the 	degrees of the numerator and the denominator.


2. 	Here it will be important for students to think about the geometrical relations such as 	parallel asymptotes or ‘rotated’ asymptotes, and try to devise their own ideas. Their 	suggestions will probably rise out of the geometrical considerations as presented in 	problem 1, however, it should lead into a serious considerations of what a function is. For 	example, one may assume that we can take the drawing of 1(c) above and rotate it  90 	degrees. Could we then find a function to fit these asymptotes?  Are two parallel slopes as 	asymptotes an option to consider? Does rotation of the function produce a new function?


	Here are  a few non-rational functions:


�	�EMBED Equation.3���	





				








	�EMBED Equation.3���


�

















3.	This is another way to generalize the idea of the asymptote as a limiting curve or as an 	approximation for a function in certain domains. The problem was posed in three 	representations to let different students use different tools: some may be convinced by the 	numerical similarity and approaches at high values, some may identify the parabola as 	being an ‘envelope’ to the rational function, and others will probably recognize the 	generalization of the ‘rule of the degree difference’ that was exemplified previously. The 	formal proof should use analytic manipulations.
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