Systematic Solution II	HS070 sample solution
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Any one of many standard methods of solving a system of two linear equations in two variables can be used here, but this approach provides for a rather limited analysis of different cases. In order to get a better handle on the situation, we can approach the system directly, without the “canned” tools.


1.	Note that �EMBED Equation.3���, so that �EMBED Equation.3���. There appears to be some special consideration necessary for �EMBED Equation.3��� and �EMBED Equation.3���. In either case, expressing �EMBED Equation.3��� and substituting into either equation, we can get a complicated, but apparently complete solution:


�EMBED Equation.3���


	This line of reasoning leads further to �EMBED Equation.3���. An exceptional case occurs when �EMBED Equation.3��� is 0, which can only happen when both a and b are 0. In this case, the values of x and y are irrelevant as both sides of both equations are guaranteed to be 0. This is not a particularly interesting system, but it must be treated along with all other cases.


2.	Another direct approach would have us cross multiply the equations by a and b:


�EMBED Equation.3���


	Not surprisingly, the result is the same as in (1), but we have avoided the trap with �EMBED Equation.3��� and �EMBED Equation.3���. To find y, simply substitute the result back into the equation and get


�EMBED Equation.3���


	This equation implies either �EMBED Equation.3��� (and �EMBED Equation.3���) or �EMBED Equation.3���. Oddly enough, the case �EMBED Equation.3��� provides the same solution pair as the other cases. In summary, there are only two cases to be concerned about:


�EMBED Equation.3���


	Of course, the second solution is one of the possible solutions in the first case.


Qualitatively, it is easy to see that as long as a and b are not both 0, the lines represented by the two equations cannot be parallel. Therefore, the system always has exactly one solution, except as discussed above.
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