Track of Dreams	


The Situation


In the last twenty years, science has improved the conditions of competition in many sports. Some things, however, have not changed in ages. The dimensions of playing fields and courts in team sports, tennis and some other court sports have remained the same, largely to preserve the tradition of the sport. However, in track and field these unchanged dimensions are primarily due to the fact that the track and other venues are often associated with football or soccer fields and, therefore, must rely on their dimensions. If an average football field is about 140 by 65 yards, it allows for a track oval around it with the length of the inside lane of about 400 meters. A soccer field, which is shorter but wider, produces roughly the same length of the track. 


	For international competition, 400 meters is the standard length of the inside lane on the track. In addition, the following conditions are required for international competition


I		The width of the each lane must accommodate the runners in such a way that 	two runners running side by side in adjacent lanes would not interfere with 	each other.


II		The track must have 8 lanes.


III		The 100 meter race must be run along a straight path.


IV		The finish line must be at the end of a straight part of the track, continuous 	across all lanes and perpendicular to the track.


V		The starting line must also be perpendicular to the track, but need not be in the 	same place for all lanes (this is a "staggered" start necessitated by the different 	lengths of the lanes).


There are also restrictions about the type and quality of the surface and some other conditions necessary for accreditation, but these are not important here.


�
The Problem.


You have been hired by the Santa Monica Track Club (the most prestigious in the country) to design a new track. Your job is to analyze a number of possible shapes and present the club with three alternative shapes for the new track and to also present arguments — pro and con — for each of these. The track is to be built solely for the track-and-field purposes so there will be no external constraints with respect to the dimensions or directions of the track. 


Some of the international rules are a matter of tradition and could be relaxed for a new scientifically designed track. However, all the conditions listed above (except for the length of the inside lane) must be met. Furthermore, there are other physical and esthetic constraints that further limit the design possibilities:


VI		The track must accommodate races for 100, 200, 400, 800, 1500, 3000, 5000 	and 10000 meters. Some other races, such as 1 mile or 50 meters, may be run 		there as well, but are not a priority, so they should not figure in the 	computations.


VII	 	The length of the shortest lane of the new track must be some multiple 	of 100 meters in length.


VIII 	For construction reasons, all parts of the track must be designed as parts of 	circles or straight lines; at the transition points from one part to another, these 	circles and lines must be tangent to each other.


IX		The lanes cannot separate at any point, that is, crossing the track at any point in 	the direction perpendicular to it must cut across all eight lanes in succession 	with no space between them.


X		The faster you run the harder it is to turn, so races from 50 to 400 meters must 	be run in such a way that no one makes sharp turns; for longer races the turns 	could be made tighter; overall, no part of the course for a specific race can 	contain a part of a circle with a diameter (measured in meters) smaller than 	�EMBED Equation.3��� where 9000 is a constant measured in square meters which 	was derived by observation. This constraint is designed to prevent runners from 	falling on turns or one runner having an advantage over another.


XI		An attempt must be made to minimize the overall dimensions of the track for 	two reasons:


Costs should be considered, although a superior track might be chosen despite its higher price. 


Spectators should be seated so as to allow them to see as much of the race as possible; for this reason a straight track would be out of the question.


1.	Several designs have already been submitted by different parties. As the official design consultant you must sift through these and explain why some of them must be rejected. Even though you reject some or all of these, they may give you ideas about possible designs. Write a letter to your assistant, explaining which of these proposals are rejected and why, and point out some possible modifications which could make similar designs acceptable. (In all instances the distances are approximate and measured along the track between the marked points.)
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The combined length of all the curved pieces is 100 meters


2.	Suppose now that you are the assistant who received the above letter. You must respond to the letter with proposed modifications of these designs. Note that in proposal E the combined length of all the curved parts could not only be 100 meters, but also 200, 300 meters or some other multiple of 100 meters. In your response, you will need to analyze several possible variations, including changing the length in the case of design E. Write such a letter with extensive mathematical analysis.


3.	Most of the tracks under consideration have the unfortunate property that they require a staggered start. This happens because the lanes are not all of equal length and the athletes on the inside lanes are required to make a sharper turn than the athletes on the outside. Can you generate some possible designs that would satisfy all the conditions and would not require a staggered start for at least some of the races?


4.	Having returned to your supervisory capacity, now is the time to find other possible shapes and write the final report on the proposal. If you believe that some of the conditions should be relaxed in favor of a specific design, you will need to convince a committee composed of athletes, administrators, architects and mathematicians. Therefore, your arguments must be clear, succinct and precise.
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