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This project deals with modular arithmetic operations in base 10 and base 2. These two systems (as well as modular arithmetic in any other base) are examples of a general kind of algebraic structure called a ring. Other examples of rings include the integers, the rationals, the reals, and the complex numbers.


A ring is any set equipped with two operations (addition and multiplication) satisfying a collection of axioms: closure under both operations, associativity of both operations, commutativity of addition, distributivity of multiplication over addition, existence of additive and multiplicative identity elements, and existence of additive inverses (i.e. existence of a subtraction operation). Most of the exercises in this project are verifications that the two systems satisfy the ring axioms.


For the base 10 system, often called “mod 10,” if one establishes the convention that for example [13] is simply an alternative notation for the class [3], then it is easy to write the definitions of the class operations: [a] + [b] = [a+b], and [a] · [b] = [a · b]. The class [0] is the identity operation for addition and the class [1] is the identity operation for multiplication. 


It is possible to define subtraction of classes: [a] – [b] = [a–b]. For example, [3] – [5] = [–2], and [–2] denotes the same class as [8] because –2 and 8 differ by 10, so one can write [3] – [5] = [8].


The only reasonable definition of exponentiation is to raise classes to integer powers, by repeated multiplication. For example, [2]3 = [2] · [2] · [2] = [2·2·2] = [8], and [7]4 = [7] · [7] · [7] · [7] = [74] = [2401] = [1].


It is not possible to uniquely define a division operation for “mod 10” classes. To define the quotient [6] ( [2], one would need the unique class [a] that solves the equation [a] · [2] = [6]. Note that there are two different classes satisfying this equation: [3] · [2] = [6] or [8] · [2] = [6].


�
Binary or “mod 2” arithmetic is similar to “mod 10” arithmetic in most respects. First one must observe that the operations are well defined (for example, that an odd number plus another odd number is always an even number, so odd + odd = even). The even class is the additive identity and the odd class is the multiplicative identity.


The major difference in the “mod 2” system is that a division operation can be defined. There are actually only two quotients to define. By inspecting the “mod 2” multiplication table, one can see that we must define even ( odd = even and odd ( even = odd.


Having observed that “mod 10” and “mod 2” systems are different in terms of the ability to divide, one might wonder what happens with “mod n” class arithmetic for other values of n. It turns out that a division operation can be defined if and only if n is a prime number. Any commutative ring with a division operation is an example of another important algebraic structure called a field. Thus modular class arithmetic “mod” any prime gives an example of a field; other fields include the rationals, the reals, the complex numbers, but not the integers (why not?).


The concepts in this project are the start of two rich areas of mathematics: number theory and abstract algebra. A beginning college textbook on either topic would contain many good ideas for subsequent investigation.























 Things to consider in scoring the Last Digit Arithmetic project





For all student work, pay particular attention to:


Whether the student understands the ideas of mod-10 and binary classes.


Whether the student correctly performs modular arithmetic operations.


Whether the student can develop properties in these settings that are analogous to the familiar algebraic properties (identities, associative, commutative, distributive, inverses).


Some students may recognize the commonalities between mod-10 and binary arithmetic, and generalize to other number bases.


A few students with prior exposure to group theory might recognize these modular systems as examples of finite groups.
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