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All the numbers in the second column of the table represent the actual amounts of sale increased by the same percentage of these amounts which are rounded off to the nearest penny. Because of rounding the actual percentage in each case will differ slightly from the percentage corresponding to the sales tax.


Make a table of available tax rates (the visible cells in the second column — the amounts in the first column can be easily interpolated). All of these data are presented in the first four columns of the worksheet on the following page. 


1.	Note that when there are several consecutive numbers available from the first column, the approximate percentages are alternately increasing and decreasing. The only three times when there is an exception to this rule, the patterns are similar in that the middle number is very close to 8.49.


2.	Note also that in all cases the decrease results from the fact that while the sales amount increases, the rounded off tax amount remains the same. Further note that each tax amount is used at least twice (the three cases in 1 appear to be the only times when the same tax amount is used three times).


3.	From the last number ($5), we see that the roundoff error can give us the $5.43 amount only if the tax percentage is between 8.5% and 8.69%. A similar argument can be made for all other available amounts: $3.80 gives 8.29% and 8.55%; $4.40 —8.3% and 8.52%. Finally, $3.70 and $3.35 put the upper bound for the tax at slightly above the 8.5% mark.
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To get a more general result, rather than working these bounds for each amount, we can consider the fact that the largest and the smallest numbers that could be rounded of to some amount to the nearest penny cannot differ from that amount by more than half a penny. This fact gives us a general way of calculating the upper and the lower bounds on each percentage, and the results are presented in the fifth and sixth columns.


Taking the largest number from the fifth column and the smallest from the sixth column, we have the range of percentages where the sales tax must be. It must be between 8.5% and 8.5075%. This means that the actual sales tax percentage must be between these two numbers. The is not a state government that would consider instituting a state tax that was not a simple fraction. Therefore, the actual sales tax percentage is likely to be exactly 8.5% and that is the number that Joe should use to recreate the tax table. The most efficient way of doing this would be to plug the appropriate numbers in a spreadsheet and run it to compute all the values. Of course, all the numbers could simply be worked with a calculator, especially since not many numbers are likely to be required.


Below is a completely recreated tax table for the tax rate of 8.5%. The differences for other possible rates are minimal.
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