Local and Global Behavior	HL085 scoring rubric
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When one looks at a sequence it is often easier to guess the next missing term rather than to describe the function or the rule that creates the sequence. This task provides the opportunity to discuss these ‘local connections’ between neighboring terms in various sequences. In terms of the mathematical avenues addressed, at least two connections between traditional topics can be made. The sequences are presented as functions on integers and that leads to the exploration of recursive relationships. Usually the recursive relationships to which students are exposed are those connecting two neighboring items. Here we suggest that the finite relationship among more than two items in the sequence not only leads to interesting and important relationships, but also provides a discrete aspect to calculus. 


1 and 3. Linear functions on integers can be described using the global rule �EMBED Equation.3���. The difference between any two consecutive numbers is a local rule and will be the constant �EMBED Equation.3���


2 and 4. The global rule is �EMBED Equation.3���, but the difference between any two neighbors will not yield a constant difference. That means that the local rule is ‘location dependent’ and is not a good answer. 


	One way to continue is to look at the sequence of the differences and realize that it can be described by a linear function. That means (as a result of the previous discussion) that the difference between neighboring differences is a constant and does not depend on the location;


	�EMBED Equation.3��� is constant


	or, more precisely


	�EMBED Equation.3���


	This will be correct for any quadratic sequence.


	This local rule connecting any three consecutive items in quadratic sequence can also be described as the number of the discrete measure for the second derivative


	�EMBED Equation.3���.


5.	For any cubic function the minimum number of items from the sequence which would produce a local rule is four. This can be discovered by compiling successive differences in a method identical to the one above. After taking differences twice, it becomes clear that in order to get a row of constants this operation will need to be performed one more time, thus pulling in four consecutive terms from the original sequence for each number in the last sequence (constant difference).


a.	In this case the general description of the function is �EMBED Equation.3���


	The sequence of first differences is quadratic, the second is linear and the third is constant.


b.	Computing the actual coefficients will reveal the sequence 1, –3, 3, –1. Combined with the coefficients obtained earlier, 1 and –1 for linear and 1, –2 and 1 for quadratic, these appear to match the successive rows of binomial coefficients up to the sign on every other term. In fact, they match the coefficients on powers of a binomial difference exactly. This should not be too surprising, considering how these coefficients are obtained. The binomial coefficient connection also arises in computations of nth differential and derivative, strengthening the impression that the local rules are somehow connected to derivatives.


�
partial level�
full level�
�
Modeling/�Formulating


(weight: 2)�
Provide a rule for 2a or 5. (Rules can be either global or local.)





�
Provide a rule for 2a and 5. (Rules can be either global or local.)





�
�
Transforming/�Manipulating


(weight: 3)�
Make plausible computations (with correct intentions) but possibly with minor errors.


Explore the second and third differences in 2, 4 and 5 but do not fully compute them.�
Provide complete answers for 1 and 2b and 2c, including the sequences and both sets of rules.


Find correct recursive expressions in 3 and 4.


Explore computationally the second and third differences in 2, 4 and 5.�
�
Inferring/�Drawing Conclusions


(weight: 4)�
Find at least one rule in each of 1, 2 and 3.


Clearly explain why second and third differences need to be explored for local rules.


Give a plausible generalization from 4 to 5.�
Explain possible differences between rules.


Verify each rule on an alternate sequence.


Make generalizations for local rules and their correspondence to global rules.


Fully derive the recursion relations in 3-5.


Identify the coefficient pattern in 5 and make a plausible attempt to explain it.�
�
Communicating


(weight: 2)�
Present partial but coherent explanations in 1-5a.


Discuss the significance of the discovery in 5b (if made).�
State clear, consistent arguments in a coherent presentation.


Demonstrate relevance of the connections in 5b (if stated).�
�
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