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The intent of the problem is to investigate methods of approximation of curves using various comparative measures. The shape dealt with here can frequently be found in the world around us (hanging chain, the Gateway Arch in St. Louis and other architecture projects). It also looks similar to a parabola, however it is not a parabola. The conflict between the intuition and the model  makes this problem interesting to explore. 


1.	A first look at any hanging chain suggest that the shape is very similar to a parabola. However, a second examination of the shape (either naked eyes or measurements) shows that the curve is too flat to be a parabola. It is suggested that students will trace the shape of a real hanging chain on a paper and will measure a few values of the chain. This could be done on a grid paper. Here are some approximated measures:





x�
0�
1�
2�
3�
4�
�
chain f(x)�
0�
.5�
2.8�
9�
25�
�
	While these are not precise measures, they do give the important information that something is changing dramatically between 2 and 4: the function near zero gets values which are lower than the parabola �EMBED Equation.3���, and then the values are higher than expected. It is of course optional to choose another parabola �EMBED Equation.3��� but this is identical to a vertical  rescaling which does not change the character of the shape.


	It is possible that students will come up with conjectures other than a parabola. The use of graphing technology would help to graph their conjecture and to compare the function’s values to the actual measurements.


2.	The differences between the two functions could be determined by some combination of the following criteria:


The comparison between values


The number of intersection points


The graph of the difference function


The investigation of the slopes of the two functions


a.	The functions


	�EMBED Equation.3��� 	and	�EMBED Equation.3���  intersect at �EMBED Equation.3��� and at �EMBED Equation.3���


b.	The derivative functions (or the slope’s functions) intersect at �EMBED Equation.3���.


c.	The roots found above were the values for which the functions were identical. However, another measure is to describe the difference between the functions at any value of the given interval. This measure can be best described by the difference graph.


3.	The methods to describe the difference between the two functions on the given interval were numerical methods. How do we, using non analytic methods, arrive at a general conclusion about the difference between the two functions at any interval? For example, how do we know that there are no more than the four roots that were previously identified in the closed interval?


	One way is to draw the two functions on larger domains. It is hard to conjecture from such a graph about the behavior at any interval.


�





�
	The difference graph could be more informative; it seems as if the difference graph gets larger values at wider intervals.


�


	The analysis of the slopes (derivatives) of each of the functions tells us that while the parabola grows as a linear function of the x value, the rate of change of the Catenary function grows exponentially. The larger the x values, the larger the rate.Therefore the parabola would never again intersect the Catenary.


�


4.	If students are familiar with line integrals then the length is analytically computable (in a given domain) in that case: 


�EMBED Equation.3���.


	There are still dilemmas such as: what is the domain ? The k is the “curveness” factor. The length of the chain is constant, so the smaller the interval between which the chain is hung, the larger the k.


	Other than using integrals students may come up with linear approximations or curved (by circles’ arcs) approximation for the length. Another dilemma is whether  a catenary could ever be a straight line.


�
partial level�
full level�
�
Modeling/�Formulating


(weight: 2)�
Provide measurements but no expression.�
Give correct measurements for the hanging chain or an expression that fits the shape’s properties.


Refer to the differences between the two graphs in terms of the modeled chain.�
�
Transforming/�Manipulating


(weight: 1)�
Provide graphs but not the expressions, or provide incorrect values for the intersections, or make mistakes in the derivatives’ functions.�
Provide accurate graphs (sketched from the graphing calculators).


Provide values for the intersection points, and correctly graph the derivatives of the two functions; provide intersections for the derivatives’ graphs.


Write the difference function and analyze its graph or write the difference between the two derivatives; investigate and analyze the behavior of the difference graph.


�
�
Inferring/�Drawing Conclusions


(weight: 3)�
State correct conclusions about differences or slopes, but do not provide full explanations and do not include in the discussion arguments about any domain.�
Describe the general differences between the hanging chain and the expression suggested by the students; wider at the bottom, steeper, symmetry, etc.


Draw general conclusions about the difference using numerical and symbolic arguments. Provide an additional method for 2c.


Describe why the method picked is appropriate to show differences, and argue why there cannot be more than the visible intersections.�
�
Communicating


(weight: 2)�
Express simple answers clearly, but without adequate explanation.�
Clearly and accurately present graphs, numerical evidence and description of the decisions for the conjectured functions and the suggested methods.�
�
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