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��Scale�(�Reference Frame��Representation�����������(�Continuity��Boundedness��Invariance/Symmetry�����������(�Equivalence��General/Particular�(�Contradiction������������Use of Limits��Approximation��Other����������First let’s invent some terminology; we will call the pedestrian who splits the distance “Pilgrim 1” and the pedestrian who splits the time “Pilgrim 2.” Now make a few observations:

•	It does not matter which speed is used by either pilgrim; whether it is the first half or the second, walking with the same speed takes the same amount of time. So modify the problem to say that both pilgrims 1 and 2 used speed a first and speed b on the latter part.

•	Pilgrim 1 changes his speed exactly at midpoint of the road from A to B.

•	If a and b are equal, both pilgrims will get to B at the same time, because they will not change the speed and will walk the entire distance with the same speed.

•	Assume, without the loss of generality, that �EMBED Equation.3���. If the opposite is true, we simply switch the parts as noted in the first observation.

Suppose Pilgrim 2 also changed speed at the midpoint. Then he would complete the second half slower than the first half. This is not possible because it contradicts the conditions of the problem. Therefore, Pilgrim 2 must change speed either before or after the midpoint.

If he slows down before the midpoint, he walks a short distance fast and a longer distance slower, so the second part would take much longer to complete, which, again, contradicts the conditions.

This means that he must walk past the midpoint before slowing down (for example, on a 12 mile course he could walk for 2 hours at 4 mi/h and 2 hours at 2 mi/h, having changed speed 8 miles from the start). The only question now is who takes less time to complete the journey.
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Note that from A to M and from C to B, Pilgrim 1 and Pilgrim 2 match each other’s speed. But, between M and C, Pilgrim 2 walks faster. This means that he spends less time on this particular stretch of road and, all other times being equal, he completes the journey first.

Alternative solution:	Consider the average speed of each pilgrim. 

Pilgrim 2 has an average speed of �EMBED Equation.3��� (t is the time before he changes speed). 

Pilgrim 1 has an average speed of �EMBED Equation.3���. 

Although it is hard to compare these two directly, the difference between them amounts to �EMBED Equation.3��� , which is non-negative. 

Therefore, the average speed of Pilgrim 2 is greater and he will complete the journey first.



Balanced Assessment in Mathematics Project	Solution � FILENAME  \* MERGEFORMAT �HS078SOL.DOC�, page � PAGE  \* MERGEFORMAT �1� of � NUMPAGES  \* MERGEFORMAT �1�

Supported by NSF Grant MDR-9252902	Copyright © 1999, President and Fellows of Harvard College








